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Abstract. This paper is concerned with the discrete spectrum of the 
self-adjoint realization of the semi-classical Schrodinger operator with 
constant magnetic field and associated with the de Gennes (Fourier/Robin) 
boundary condition. We derive an asymptotic expansion of the number 
of eigenvalues below the essential spectrum (Weyl-type asymptotics). 
The methods of proof relies on results concerning the asymptotic be- 
havior of the first eigenvalue obtained in a previous work [A. Kachmar, 
J. Math. Phys. 47 (7) 072106 (2006)]. 



1. Introduction and main results 

Let fi C M 2 be an open domain with regular and compact boundary. 
Given a smooth function 7 G C°°(dQ;M.) and a number a > i, we consider 
the Schrodinger operator with magnetic field : 

(1.1) Pffi = -(hV-iA) 2 , 
whose domain is, 

(1.2) d(p^) ={«GL 2 (fi) : (hV-iAY eL 2 (Q), j = 1,2, 



v (hV - iA)u + h a ju = on dfl}. 

Here v is the unit outward normal vector of the boundary <9Q, A G i^ 1 (0; M 2 ) 
is a vector field and curl A is the magnetic field. Functions in the domain of 
Pfr'ci satisfy the de Gennes boundary condition. 

The operator P^q arises from the analysis of the onset of superconduc- 
tivity for a superconductor placed adjacent to another materials. For the 
physical motivation and the mathematical justification of considering this 
type of boundary condition and not the usual Neumann condition (7 = 0), 
we invite the interested reader to see the book of de Gennes [H] and the pa- 
pers [TUJ HH [12 US] • We would like to mention that when 7 = 0, the operator 
-P^q has been the subject of many papers, see [I] and the references therein. 
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We shall restrict ourselves with the case of constant magnetic field, namely 
when 

(1.3) curlA = l in a 
It follows from the well-known inequality 

(1.4) / \(hV -iA)u\ 2 dx > h [ \u\ 2 dx, V u £ Cg°(fi), 
Jn Jn 

and from a 'magnetic' Persson's Lemma (cf. [EJ []]), that the bottom of 

the essential spectrum of P^'q is above h. Assuming that the boundary of 

$7 is smooth and compact, then it follows from [10] that (in the parameter 

regime a > |), the operator P^'^ has discrete spectrum below h. Thus, 

given bo < 1, one is led to estimate the size of the discrete spectrum below 

boh, i.e. we look for the asymptotic behavior of the number 

(1.5) N(a^;b h) 

of eigenvalues of P^fi (taking multiplicities into account) included in the 
interval ]0, boh]. 

For the case with non-constant magnetic field and Neumann boundary con- 
dition, this problem has been analyzed by R. Frank [5] (related questions are 
also treated in (2j [8l [TBI [H]). As we shall see, depending on the type of the 
boundary condition, one can produce much additional eigenvalues below the 
essential spectrum. 

To state the results concerning N(a, 7 ; boh), we need to introduce some no- 
tation. Let us introduce the smooth functions, which arise from the analysis 
of the model-operator in the half-plane (see jTOl Section II]), 

(1.6) 3 ( 7 ,0^M7,0, 13 7^9(7), 
where 

i (\u'(t)\' + \(t-Z)u(t)\ 2 ) dt + 7 K0)| 2 

A*i(7>£) = inf 

« eB i(R + W0 / |u(t)|2dt 



0(7) = |nf Mi (7, 6, 

and the space -B^IL).) consists of functions in the space .ff 1 (M+)nL 2 (M + ; t 2 dt). 
Actually, /ii(7.£) is the first eigenvalue of the self-adjoint operator 

-d 2 t +(t-0 2 m L 2 (R + ) 
associated with the boundary condition u'(0) = 7«(0). The eigenvalues of 
this operator form an increasing sequence which we denote (^(7, see 
Subsection 12.11 for more details. 
When 7 = 0, we write as in the usual case (see [1]) 

MO - Mi (0,0. ©o:=e(0). 
Furthermore, we denote by, 

(1.7) d( 7 ) = |(l + 7^0(7) + 7 2 ) 2 e'( 7 ), Ci = Ci(0). 

We are ready now to state our main results. 



WEYL ASYMPTOTICS FOR MAGNETIC SCHRODINGER OPERATORS 

Theorem 1.1. Assume that a > | and Go < 60 < !• 27ien as h — > ; 

(1.8) iV(a, 7 ;6oM = |{£ 6 R : < &Q>Q (1 + 

On i/ie other hand, if a = \ and 6(70) < 60 < 1, then as h — > 0, 

(1.9) N(a,^;b h) = 



1 /" 00 



GM: Mj(7(«),0 <h}\ds (l + o(l)). 



Here 



(1.10) 7o=min7(s). 

// we suppose furthermore that 70 > 0, £/ien \1.9\) simplifies to 

(1.11) iV(a, 7 ; 6 /i) = 

Lj {C£R: w(7(s) ' c) < 6o} ' ds ) (i + o(i)) ' 

By taking 7 = 0, we recover in Theorem 11.11 the result of R. Frank [5]. 
We notice that when ol = \ and 7 is constant, we have additional eigenval- 
ues than the usual case of Neumann boundary condition if 7 < and less 
eigenvalues if 7 > 0. This is natural as we apply the variational min-max 
principle. However, when 70 = or a > i, Theorem 11.11 fails to give a 
comparison with the Neumann case, i.e. we have no more information about 
the size of the difference: 

N(a,y\ boh) - N(0; boh). 

This is at least a motivation for some of the next results, where we take 
bo = bo{h) asymptotically close to Go, each time with an appropriate scale 
(this will cover also the case 60 = Go). 

Theorem 1.2. If \ < a < 1 then for all a£l, 

(1.12) N (a, 7 ; h& + 3aC7i /i Q+ 



, 1 (7 V(a-7W)+ da) (l + o(l)). 

^hl-«Ve~o KJdn 1 



7T^h2- a veo 

In the particular case when the function 7 is constant, the leading or- 
der term in (|1.12|) will vanish when a is taken equal to 7. In this specific 
regime, Theorem 11.51 (more precisely the formula in (I1.16P ) will substitute 
Theorem PI 

Theorem 1.3. Assume that a = 1/2. Let < g < \, Co > 0, ho > and 

]0, ho] B h 1— ► co(/i) £ M+ a function such that lim^o co{h) = 00. // 

co(h) h 1 ' 2 < |A - Q( 7o )| < C Q hP, V h e]0, ho], 
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then we have the asymptotic formula, 
(1.13) N(a,j;hX) 



= (If J I* -«**»]+ d , (1+0(1)) , 

where the function O(-) 6em</ introduced in M.6\) . 

Remark 1.4. Theorem II .31 becomes of particular interest when the function 
7 has a unique non-degenerate minimum and A = 8(70) + ahr , for some 
a £ M_|_ and /3 e]0, ^[. In this case, we have in the support of [A — 0(7(s))]+, 

e( 7 ( s )) = e(7o) + Cl s 2 + o(h^/ 2 ), 

for an explicit constant c\ > determined by the functions 7 and 0. 
Therefore, the asymptotic expansion (|1.13|) reads in this case, for some ex- 
plicit constant C2 > 0, 

(1.14) N(a,-y; hX) = c 2 ay/ah^^l + o(l)). 

The next theorem deals with the regime where the scalar curvature be- 
comes effective in the asymptotic expansions. 

Theorem 1.5. 

(1) Assume that a = 1. Then, for all a £ M., the following asymptotic 
expansion holds as h — > 0, 

(1.15) N (1,7; h& + aC 1 h 3/2 " 



, ■ = = ( [ y/(Kr(s)-*y(s)+a) + d S ) (1 + o(l)), 

where i/ie scalar curvature of dVL. 

(2) // i/ie function 7 «s constant, then for all a > 1/2 and a £ I, « 
/lawe the asymptotic expansion, 

(1.16) JV (a, 7 ; /i6(/i°- 1/2 7) + adh 3 ^ = 

——L==([ y/{ Kl { s ) + a)+ds) (l + o(l)). 

(3) // £/ie function 7 is constant and a = 1/2, then for all a £ ~R, we 
have 



(1.17) JV (a, 7; /ie(7) + aCi(7 



1 + 7V9(7)+7a (/ V^W+^Td-) (l + o(l)). 
7r^/3/i 1 /2^e(7) + 7 2 7 

#ere 6*1(7) ^ as ^ een defined in 

The proof of Theorems 11.1111.51 is through careful estimates in the semi- 
classical regime of the quadratic form 



u^q%l(u)= f \(hV - iA)u\ 2 dx + h 1+a [ 7 ( 
Jn Jan 



s)\u(s)\ 2 ds. 



WEYL ASYMPTOTICS FOR MAGNETIC SCHRODINGER OPERATORS 5 

These estimates are essentially obtained in [7] when 7 = 0, then adapted 
to situations involving the deGennes boundary condition in [TUJ [14]. We 
shall follow closely the arguments of [5] but we also require to use various 
properties of the function 7 i— > 0(7) established in |10j . 

The paper is organized in the following way Section [2] is devoted to the 
analysis of the model operator in a half-cylinder when the function 7 is 
constant. Section [3] extends the result obtained for the model case in a half- 
cylinder for a general domain by which we prove Theorem 11.11 Section U] 
deals with model operators on weighted L 2 spaces which serve in proving 
Theorems OlOl 

2. Analysis of the model operator 

2.1. A family of one-dimensional differential operators. Let us recall 
the main results obtained in [H [10] concerning a family of differential oper- 
ators with Robin boundary condition. Given (7,^) £ 1 x R, we define the 
quadratic form, 
(2.1) 

B\R + ) 3uh q[j, £](u) = / (\u'(t)\ 2 + \(t- £)u(t)| 2 ) dt + 7 |n(0)| 2 , 

where, for a positive integer k £ N and a given interval ICR, the space 
B k (I) is defined by : 

(2.2) B k (I) = {u£H k {I); t j u(t) G L 2 (I), Vj = 1, • • • , k}. 



By Priedrichs Theorem, we can associate to the quadratic form (|2.ip a self 
adjoint operator £[7, £] with domain, 

£>(£[ 7 , B 2 (R + ); u'(0) = 7 u(0)}, 

and associated to the differential operator, 

(2.3) C [ 1 ,Z} = -c$ + (t-t) 2 . 

We denote by {^ (7, £)}j=i the increasing sequence of eigenvalues of £[7, £]. 
When 7 = we write, 

(2.4) H(0-=H^0, VjGN, C N [£]:=C[0,t]. 

We also denote by {f^f {£,)}J=l the increasing sequence of eigenvalues of the 
Dirichlet realization of — df + (t — £) 2 . 
By the min-max principle, we have, 

(2-5) mi(7,0= mf 

Let us denote by ip~ ( £ the positive (and L 2 -normalized) first eigenfunction of 
£[7, £]. It is proved in [10] that the functions 

(7, h- W ( 7 , 0, (7, - ^ G L 2 (R + ) 
are regular (i.e. of class C°°), and we have the following formulae, 

(2.6) %i!(7,0 = - (/ii(7,0 -e 2 + 7 2 ) K#)| 2 , 

(2.7) Vi(7,0 = l^(0)| 2 . 
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Notice that (|2.7|) will yield that the function 

(7,6^^(0) 

is also regular of class C°°. 
We define the function : 

(2.8) e( 7 ) = inf W ( 7 ,0- 

It is a result of [3 J that there exists a unique £(7) > such that, 

(2.9) @(7)=Mi(7,e(7)) ! e( 7 )<l, 
and £(7) satisfies (cf. [10]), 

(2.10) £( 7 )2 = ( 7 ) +7 2. 

Moreover, the function 0(7) is of class C°° and satisfies, 

(2.11) e'( 7 ) = K(o)| 2 , 

where </? 7 is the positive (and L 2 -normalized) eigenfunction associated to 
9( 7 ): 

(2.12) ^ 7 = v9 7i?(7 ). 
When 7 = 0, we write, 

(2.13) 9 := 9(0), £ := £(0). 

It is a consequence of (|2.11l) that the constant C\ introduced in (jl.7J) can be 
defined by the alternative manner, 

(2.14) Cl : = 

3 

Let us recall an important consequence of standard Sturm-Liouville theory 
(cf. [51 Lemma 2.1]). 

Lemma 2.1. For all £ G R, we /iai>e 

^2(0 > > 1. 

Let us also introduce, 

(2.15) e fc ( 7 ) = infA*fc(7,0i VfcGN. 



Another consequence of Sturm-Liouville theory that we shall need is the 
following result on 92(7). 

Lemma 2.2. For any 7 6 K, we have, 

8 2 ( 7 ) > 9( 7 ). 
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Proof. Let us introduce the continuous function 7(7) = 62(7) — 6(7). Using 
the min-max principle, it follows from (12. 9ft and Lemma I2TT1 that /(0) > 0. 
It is then sufficient to prove that the function / never vanish. Suppose by 
contradiction that there is some 70 7^ such that 62(70) = ®(7o)- By the 
same method used in [10J one is able to prove that there exists £2(70) > 
such that 

©2(70) = ^2(70,6(70)), 
and that £ 2 (7o) 2 = ©2(70) + 7o- Therefore we get £2(70) = £(70). 
Now, by Sturm-Liouville theory, the eigenvalues of the operator £[70, £(70)] 
are all simple, whereas, by the above, we get a degenerate eigenvalue 

Mi(7o,£(7o)) = ©(70) = ^2(70, £(70)) , 
which is the desired contradiction. □ 

One more useful result in Sturm-Liouville theory is the following. 

Lemma 2.3. Let 7 G M_ and k G N. Then 9* (7) < 2k + 1 and for all 

°o S]9fc(7),2A; + 1[, the equation 

Mfc(7,£) = bo 

has exactly two solutions £^,-(7, 60) an d £fc,+(7> Moreover, 

{£gM : ^( 7 ,£)<& } = ]-£fc,-(7,&o),£fe,+(7,fro)[. 

Proof. We can study the variations of the function £ 1— > HkiliO using ex- 
actly the same method of [TUJ Q3J E]. We obtain that the function £ 1— > 
A i fc(7)£) attains a unique non-degenerate minimum at the point £&( 7 ) = 
V @fc(7) + 7 2 > an d analogous formulae to (|2.6p - (|2.7p continue to hold for 

(7, £) 1 ^ / u fc ( 7 , £). Moreover, lim ^(7, £) = 00 and lim ^(7, £) = 2k + 1. 

£^—00 £^00 

For instance, the restrictions of the function £ 1— > ^(7, £) to the intervals 

] — oo,£fc( 7 )[ and ]£fc(7), oo[ are invertible. □ 

It is a result of the variational min-max principle that the function 7 \—* 
0fc( 7 ) is continuous, see (TUl Proposition 2.5] for the case k = 1. Thus the 

set 

(2.16) J/* = {(7, b) G R x R : 9 fc ( 7 ) < 6 < 2/c + 1} is open in M 2 . 

Lemma 2.4. T/ie functions 

U k B (7,6) 1 ^ £fe,±(7,6) 

admit continuous extensions 

Rx]-oo,2A; + l[^£ fe)± (7,fe). 

Proof. Using the regularity of /Xfc( 7 , £), the implicit function theorem applied 
to 

f/ t xl3( 7 ,^)H ft ( 7 ,()-t 

near (70, &o> £fc,±(7o> bo)) (f° r an arbitrary point (70,^0) £ ^fe) permits to 
deduce that the functions 

U k B ( 7 ,6) ^£ fc ,±(7,&) areC 1 . 
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We then define the following continuous extensions of £,k,±, 

" £*,±(7,&), if e fc (7)<6<2fc + l, 



^,±(7.6) 



6( 7 ), ife fc ( 7 )>6: 



where 6(7) is the unique non-degenerate minimum of £ 1— > 1^(7, £)• '— ' 



The next lemma justifies that the sum on the right hand side of (|1.9p is 
indeed finite. 

Lemma 2.5. For eac/i M > ane? 60 G]0, 1[, i/iere eziste a constant C > 
s«c/i i/iai, /or a// 7 g] — M, M[ and b G]G(7), bo[, we have 

oc 

£|{£€R : Mi(7,0<&}| <C 
i=i 

Proof. Let us notice that for all j > 1, 

{£gM : N ^,0<b}G{^eR : /ii(7,0<&o}. 
and for all 7 G] — M,M[ (using the monotonicity of 77 1— > ^1(77, £)), 

Kel: Ml(7,C) <&o}c{£gM : /ii(-M, £) < 6 } . 
Consequently, there exists a constant M > such that 

{£GM : ^(7,0 <b}c [—M,M], V6<6 , V 7 G]-M,M[. 
Since the functions 

are regular, we introduce constants (£ J (M)) j . gN C [— M, M] by 



^(-M,^(M)) = min_ /^(-M,£) . 
ee[-Af,Af] 



We claim that 



(2.17) lim /^(-M,£,(M)) = 00. 

Once this claim is proved, we get the result of the lemma, since by mono- 
tonicity 

Mj-(7,0>Ml(-M,0 V 7 >-M,V£gR. 
Let us assume by contradiction that the claim (|2.17|) were false. Then we 
may find a constant M. > and a subsequence (j n ) such that 

(2.18) fi jn (-M^ jn (M))<M, V n G N . 

Since — M < £j n (M) < M for all n, we get a subsequence, denoted again by 
£j n {M), such that 

lim £j n (M) = C(Af) G [— M, M]. 

n— >oo 

It is quiet easy, by comparing the corresponding quadratic forms, to prove 
the existence of a constant C > such that, for all e G]0, |[ and re G N, we 
have the estimate 

(2.19) AU-M,&„(M)) > (l-e) Min (-2M,C(M)) 

_ C ( e + e ~i|^(M)-C(M)| 2 ). 
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We shall provide some details concerning the above estimate, but we would 
like first to achieve the proof of the lemma. Notice that, since the operator 
C[—M,C{M)} has compact resolvent, then 

lim n jn (-2M,((M)) = oo. 

n— »oo 

Upon choosing e = \£j n {M) - ((M)\, we get from (|2+9l) that 

lim Hn (-M,£ jn (M)) = oo, 

contradicting thus (|2.18p . 

We conclude by some wards concerning the proof of (|2.19p . Notice that, for 
a normalized L 2 -function u, we have by Cauchy-Schwarz inequality: 

(C-^ n (M))(t-()\u\ 2 dt < 2|C-^ B (M)| x \\(t-C)u\\ LHR+) 

< elKt-CHiacB+j+e-'IC-^nCAf)! 2 , 
for any e > 0. On the other hand, writing 

(t - £ jn (M)) 2 = {t- C) 2 + (£ - Ci„(M)) 2 + 2(C - & n (Af))(t - C) , 
we get the following comparison of the quadratic forms 
q[-M^ jn (M)](u) > q[-M, (](u) - e\\(t - CHl£ 2(K+) - e^C - ^„(M)| 2 , 

where q[— M, ■] has been introduced in (|2.1I) , Noticing that for e G]0, i[, 
> — 2M, the application of the min-max principle permits then to con- 
clude the desired bound (|2.19p . □ 



Remark 2.6. Once the asymptotic expansion lil.9\) is proved, the formula 
fTTTTp becomes a consequence of Lemma \2.1\ 

The next lemma will play a crucial role in establishing the main results of 
this paper. 

Lemma 2.7. The function 

oo 

<S : Rx]-oo,l[3 (7,6)^^|{^M : Mi(7»0<6}l 

J=l 

is locally uniformly continuous. 



Proof. Let bo G]0, 1[ and m > 0. It is sufficient to establish, 

(2.20) f sup |5(7 + r,6 + 5) -S{j,b)\ J -> as (r, 5)->0. 

\l7l<m,6<bo / 

Let t\ = 1 — bo > 0. By monotonicity, for all r, 5 G [— ti,tl], the following 
holds 

G K : ^j(7+T,0 < 6+4 C K £ 1 : /ii(-m-Ti,£) < b+n} , Vj G N. 

Therefore, we may find a constant M > depending only on m and &o such 

that 

(2.21) 

{£ ei : /XjCt + t^) < 6 + 5} C [-M,M], Vt,<5 G [-ri,n], V j G N. 
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So defining £j(M) as in the proof of Lemma l2~5l i.e. 

V£e[-M,M], Vr€[-ri,n], Mj(7 + ^,6 > f*j(-m - n,£j(M)) , 
we get as in (|2.17|) : 

lim fjLj(—m — Ti, £j(M)) = oo . 

Hence, we may find jo > 1 depending only on m and bo such that 

/Xj-(-m - 1,4 (M)) > 6 + 2n V j > j , 
and consequently, for |r| < tl, \8\ < t±, we get 

oo jo 

]T|{£eM : ^(7 + T,0<b + *}|=i3l^ eR : H(l + T,0<b + $}\ ■ 
3=1 3=1 

Therefore, we deal only with a finite sum of jo terms, jo being indepen- 
dent from r, 5, 7 and b. So given k £ {l,-"" >Jo} and setting 5^(7,6) = 
|{^ G M : |Ufc(7,£) < 6}|, it is sufficient to show that 

(2.22) lim I sup \S k (>y + r, b + 5) - S k (-y, b)\ I = . 

(r,r5)->0 \l7l<w,6<6 / 
|r| + |<5|<Ti V ' 

The above formula is only a direct consequence of Lemmas 12.31 and 12.41 □ 

2.2. The model operator on a half-cylinder. We treat now the operator 
PhQ s = —(hV — iAo) 2 , where Qs is the half-cylinder 

n s =]o,s[x]o,oo[, 

S > and 76I are constants. The magnetic potential Aq is taken in the 
canonical way 

(2.23) A (s, t) = (-t, 0), V (s, t) G [0, S] x [0, oo[. 
Functions in the domain of P^q satisfy the periodic conditions 

u(0, •) = u(S, •) onR + , 

and the de Gennes boundary condition at t = 0, 

hd t u\ t=0 = h a ju\ t=Q . 

We shall from now on use the following notation. For a self-adjoint oper- 
ator T and a real number A < inf cx ess (T), we denote by N(X,T) the number 
of eigenvalues of T (counted with multiplicity) included in ] — 00, A]. 

Lemma 2.8. For each M > 0, there exists a constant C > such that, for 
all b e] - 00, 1[, a > \, S > 0, 7 € [-M, M] and h e]0, 1[, we have, 

q u — 1/2 / 00 

N (b h,P%l) - ^— £ k e K : ^(^" 1/2 7,0 < b } 



J=i 



< C. 
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Proof. By separation of variables (cf. |17J) and a scaling we may decompose 
Ph Q s as a direct sum: 



©*(- ^ + (2*nhWS-i + r)A in0L 



2m ^ 



n£Z n£Z 

with the boundary condition w'(0) = h a ~ x l 2 ^ u(0) at r = 0. 
Consequently we obtain: 

(2.24) a (PffiJ) = U {%(^ a-V2 7> 27r/i 1 /2 (S '-i r ,) . n e N J 

and each eigenvalue is of multiplicity 1. 
Thus, putting 

/?'(£) = ■. w (ft«-i/2 7 ^)<6 }(C) , = 2irh 1/2 S' 1 n , 

we obtain 



N{boh,P«;l) = c w d(a(p^ s )n]o,b h] y 

oo 

= ^CardjneN : fij(h a ~ 1/2 j, 2vr/i 1 / 2 5" 1 n) < 6 } 
i=i 

oo jo 
3=1 neZ 3=1 neZ 

Notice that the last step is due to Lemma 12.51 (and its proof) which yields 
the existence of jo G N, depending only on 7, h and 60, such that fj = for 
3 > 30- 

Now, by definition of 



Shr 1 / 2 

^ /j(£n) = — ^ — ^ n+1 ~~ ' 

and we can verify easily the following estimate (thanks in particular to 
Lemma 12.3(1 , 



-27^/25-1+ f fj(0 da<J2(tin+l-tin)mn)< I fj(0 d$+2irhV 2 S' 1 . 

JR ngZ JR 

Therefore, we conclude upon noticing that, by the definition of the function 
fi- 



Jm. 



□ 



2.3. The model operator on a Dirichlet strip. We consider now the 
operator P^q st = —(hV — iAq) 2 , where £ls,T is the strip 

Vs,t =]0,5[x]0,T[, 

S, T > and 7 G R are constants. The magnetic potential Aq was defined 
in d2~23]l . 

Functions in the domain of -P^q satisfy the deGennes condition hdtu = 
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/i a 7 u at t = and Dirichlet condition on the other sides of the boundary. 



The next lemma gives a comparison between the counting function of 
P h,n s ,T and that of P h£ s - 

Lemma 2.9. There exists a constant c > such that, 

V5>0, VT>0, V 7 GM, V5€]0,5/2], V6 g]-oo,1[, 

we have, 
1 
2 



l N (b h-ch 2 (8- 2 + T- 2 ),P^ 



2(S-5) 



< N{b h,P, 



h,Q s 



Proof. Since the extension by zero of a function in the form domain of 
P h 'n s T 1S included in that of P^q s , and the values of the quadratic forms 
coincide for such a function, we get the upper bound of the lemma by a 
simple application of the variational principle. 

We turn now to the lower bound. The argument is like the one used in [21 [5] 
but we explain it because it illustrates in a simple case the arguments of this 
paper. 

Let us introduce two partitions of unity (ipf) and (tpj) such that: 
2 / r \ 2 



1 in [0,2(5-5)], {ifi)* + ($) 



f.T\ 2 



1 in 



supp iff C [0, 5] 
supp^ C [5-5,2(5-5)] 

2 



E 

8=1 



& < 



< c8~ 



supp^ C [T/2,oo[ 
supp^f C [0,T] 

2 



EM)' 



i=0 



where c > is a constant independent from 5, T and 5. 
Upon putting 

xt T (s,t) = <p s i (8)tf(t) = 1,2), X f(s,t)=^(t), 
we get a partition of unity of ^2(5-<5) =]0> 2(5 — <5)[xM + . 



Let us take a function u in the form domain of P, a ' 
decomposition formula: 

/ \(hV - iA )u\ 2 dx 
Jn 



. Then, by the IMS 



l 2(S-S) 



2 2 

E / | (W - iAo) xf T u\ 2 dx-h 2 J2\\ \V X f\ 

8=0 ^ n 2(S-S) i=Q 



i 2 (n s ,r) 



> 



E 

8=0 



|(W - iAo) xf T u\ 2 dx - c(5~ 2 + T- 2 )h 2 \\uf L2 



2(S-S) 



(«s,t)- 



Notice that Xi T?i is m the form domain of P"' 
of Py 



and X2 ,Tn i s m that 



h&s,T 

h]S-S2(S-S)[x]0T[ (this last operator, thanks to translational invariance 

Also, Xq Tu is i n the 



with respect to s, is unitary equivalent to P^q st ^ k '~ 
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form domain of the -P/f^ 2{g g , the Dirichlet realization of — (TtV — iAo) 2 in 

Since the form domain of P^n can be viewed irn 

FD (p% StT ) FD (<] 7 s _ 5 , 2( 5-,)[x]o,T[) © FD (P£n 2{s _ s) ) 

X{ u, x<2 u i Xo u ) j we S e ^ u P on a Pply m g the vari- 
ational principle (see p2J Section XII. 15]), 

(2.25) N(b h-ch 2 (5~ 2 + T~ 2 ), i$J 2(g _ 4) ) 

< 2N (b h, P$ 2(s _ s) ) + N (b Q h, P h % (s _ S) ) . 

Notice that, by (II. 4|) . the operator P^n 2 s has no spectrum below boh 
when bo < 1. Hence, 

Coming back to (|2.25j) . we get the lower bound stated in the lemma. □ 

3. Proof of Theorem 11.11 

We come back to the case of a general smooth domain Q whose boundary 
is compact. We introduce the following quadratic forms: 

(3.1) q%l(u) = f |(W - iA)u\ 2 dx + h 1+a f 7 (s)|n(s)| 2 ds, 

Jo, Jan 

(3.2) q h ,n(u)= [ \{hV -iA)u\ 2 dx, 

Jn 

defined for functions in the magnetic Sobolev space: 

(3.3) H l h A {VL) = {u G L 2 (Q) : (W - iA)u G L 2 (Q)}. 
Here, we recall that A G C 2 (f2) is such that 

curl A = 1 in $7. 

We shall recall in the appendix a standard coordinate transformation valid 
in a sufficiently thin neighborhood of the boundary: 

*to : °(*o) Bx»(a(x),t(x)) G [O,|0Jl|[x [0,to], 

where for to > 0, Q(to) is the tubular neighborhood of <9f2: 

n(t )={x£n : dist(x,dn) <t }. 

Let us mention that t(x) = dist(x, dCl) measures the distance to the bound- 
ary and s(x) measures the curvilinear distance in Oft. 

Using the coordinate transformation &t , we associate to any function u G 
L 2 (f2), a function u defined in [0, \dQ\[ x [0,to] by, 

(3.4) u(s,t) = u(<Z> k) 1 (s,t)). 
^For an operator A, FD{A) denotes its form domain. 
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The next lemma states a standard approximation of the quadratic form 
Qh'ci( u ) by the canonical one in the half-plane, provided that the function u 
is supported near the boundary. 

Lemma 3.1. There exists a constant C > 0, and for all 

S!£[o,\dn\[, s 2 e]Si,\dn\[, 

there exists a function <fi G C 2 {[S\, S 2 ] X [0, io];M) such that, for all 

S 1 G[S 1 ,S 2 ], r€]0,to[, ee[CT,Ct ], 
and for all u G H\ satisfying 

supple [Si,S 2 ] x [0,T], 
one has the following estimate, 



(1-^ 



hSli 



Ce- 1 ((( < S 2 -5 1 ) 2 + T 2 ) 2 + / l 2 ) ||S||i 2(ni) 



< 9K5(u)< (l + e)c 



«,7i ( p i(j>/h 
.,f2i 



+ Ce- 1 (((S 2 -5i) 2 + T 2 ) 2 + / l 2 ) 



L2(d)- 



Here ih = [Si, S 2 \ x [0, Tj, 71 = — , 71 - 



1 + e 



1 - e 



anc? i/ie function u is associated to u by \3.4\ )- 

Proof. Notice that when 7 = 0, the result follows from [5j Lemma 3.5], 
which reads explicitly in the form: 



a,0 1 \ 



[S u S 2 ]x[0,T] 



|(W - iAo)e^ h uf ds dt 



< e / \(hV -iA )e^ /h u\ 2 dsdt 

J[Si,S2M0,T\ 

+CE- 1 ((r 2 + (s 2 - so 2 ) 2 + h 2 ) \\u\\ 2 L2 . 

Since u restricted to the boundary is supported in [Si,S 2 ], we get as an 
immediate consequence the following two-sided estimate for non-zero 7: 

(3.5) 



f 1 h 1+a 

< / |(W -iA )e^ lh u\ 2 dsdt + - 

J[5i,S 2 ]x[0,T] l + e 



[Si,S 2 ] 



7(s)|u(s,( 



ds 



+ C(l + e)-^- 1 ((T 2 + (5 2 - Si) 2 ) 2 + h 2 ) \\u\\ 2 L2 , 

and 
(3.6) 
(l-e^gggCu) 



> 



/ I (W - ^ o )e i0/?t S| 2 ds dt + / 

J[5i,S 2 ]x[0,T] 



[5i,5 2 ] 



7(s)|u(s,( 



: ds 



C(l - e)-^" 1 ((T + (5 2 - Si) 2 ) 2 + /i 2 ) [lullla . 



WEYL ASYMPTOTICS FOR MAGNETIC SCHRODINGER OPERATORS 15 



The idea now is to approximate 7 by a constant in a simple manner without 
needing an estimate of the boundary integral. Actually, Taylor's formula 
applied to the function 7 near S± leads to the estimate 

|70) " 7(^i)l < C(S 2 -Si), V a G [Si, S 2 ) , 

where the constant C > is possibly replaced by a larger one. 
Having this estimate in hand, we get: 

/ 7(s)|SM)| 2 d S - 7 (Si) / |5( S ,0)| 2 d S 
J[Si,S 2 ] J[Si,S 2 ] 



< C(S 2 - SO f 

J [Si 



|5(s,0)| 2 ds. 

[Si,S 2 ] 



Recalling the definition of 7 and 7 in Lemma 13.11 (they actually depend on 
e, Si, S 2 and hence account to all possible errors), we infer directly from the 
previous estimate, 

(l-e)7i / \u(s,0)\ 2 ds< [ 7 (s)\u(s,0)\ 2 ds 
J[S U S 2 ] J[Si,S 2 ] 



(3.7) 

< (l + e)7i 

'[Si,S 2 ] 



< (l + e)7i / \u(s,0)\ 2 ds. 
J[s u s 2 ] 



Substituting the lower and upper bound of (|3.7p in (|3.5p and (|3.6|) respec- 
tively, and recalling the hypothesis that u(s,0) is supported in [Si,^], we 
obtain the desired estimates of the lemma. □ 

We shall divide a thin neighborhood of 30 into many small sub-domains, 
and in each sub-domain, we shall apply Lemma [3.1l to approximate the qua- 
dratic form. This will yield a two-sided estimate of N(\,P^^) in terms of 
the spectral counting functions of model operators on half-cylinders. 
Let us put 

N = [h- 3 /% 

the greatest positive integer below /i~ 3 / 8 . 
Let 

S = ^, s n = nS, ne{0,l,...,N}, 
and we emphasize that these quantities depend on h. We put further 

Q s =]0,5[xR. 

With these notations, the proof of Theorem 11.11 is given by the following 
proposition. 

Proposition 3.2. Let bo G] — 00, 1[. There exist constants C, ho > such 
that for all 

he]o,h ), Se]o,s/2], S n e [s n -i,s n ], n e {1,2,..., N}, 
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one has the following estimate on the spectral counting function, 

N 



1 



n=l 



2(S-S) 



< Nlhba,P% 



N 



In 



n=l 



„ „ 7 (5 W ) + CS i{S n )-CS 
Here 7„ = —j- — ana ~f n — 



1 + ft 1 /* 



1 - ft 1 /* 



Before proving Proposition 13.21 let us see how it serves for obtaining the 
conclusion of Theorem 11.11 

Proof of Theorem ll.il We keep the notation introduced for the statement 
of Proposition 13.21 The proof is in two steps. 
Step 1. 

Let us establish the asymptotic formula (as ft — * 0): 
(3.8) h^ N (b h,P«q) = 

oo 

tt~ / EI^ GR : M(h a - 1/ Hs),0<bo}\ds + o(l), 
27r Jdn ^ 

where bo g] — oo, 1[. 

From the lower bound in Proposition 13.21 we get upon applying Lemma E 
a constant C > such that 



h^N(b h,P^)> 

N oo 



n=l 



Ch 1 ' 2 . 



Since a > 1/2 and dfl is bounded, it is a result of Lemmas 12.51 and 12.71 that 
there exist constants C > and ho > together with a function ]0, ho] B ft t— > 
e(ft) tending to as ft — > such that, for all ft G]0, fto] and n € {1, 2, ... , iV}, 
we have (provided that h5~ 2 is sufficiently small), 



s(h a - l ' 2 j n M) < c, 

5 (ft Q - 1/2 7n, b - Ch5- 2 ) - S (ft a ~ 1/2 7n , bo) | < e(ft) , 

where the function S is introduced in 12.71 and 7 n = (1 + ft 1//4 )7« — CS = 
l{Sn) ■ 

Recalling that S = \dVt\/N and N = [ft 3//8 ], we get upon choosing 5 = l/N 2 , 



h^ 2 N(b h,P^ 



( N oo 
\n=l i=l 



: ^(ft a - 1/2 7n,0<^o} -e(ft)-Cft 3 / 8 , 
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where the leading order term on the right hand side is a Riemann sum. We 
get then the following lower bound, 

h^N(b h,P^)> 

1 f 00 i 



3=1 



ds + o(l). 



This is the lower bound in (|3.8I) , In a similar manner we obtain an upper 
bound. 

Step 2. 

If a = 1/2, the asymptotic formula (13.81) is just the conclusion of Theo- 
rem [TTTJ 

We turn to the case when a > 1/2. Again, it results from Lemma l2~77l the 
existence of a constant ho and a function ]0, ho] B h ^ £i(h) tending to as 
h — * such that for all h G]0, ho] and s G <9S7, 

S (V- 1/2 7 ( S ), 60) - f f; |{£ G M : < 60I j < 

where Mj(£) = Mi(0>C)' Moreover, by Lemma I2TT1 it holds that 

00 

^|{£eM : ^(£)<& }|=0. 
i=2 

Now we can infer from (|3.8p the asymptotic formula announced in (|1.8p . □ 

Proof of Proposition T3.21 Let us establish the lower bound. Let P^p h q be 
the restriction of the operator P?q for functions u in D(P?q) that vanishes 
on the set 

N 

: t(x) >T}l>lJ{xe{l : < t(x) < T, s{x) = s n }, 

n=l 

where T > is to be specified later. The important remark is that the spec- 
trum of P^'q is below that of P^'l ^. 

Let us take a function u in the form of domain of P^\ q. Applying Lemma[3J] 
with T = /1 3 / 8 and e = /i 1//4 , we get the estimate, 



N 



n=l 



i(j>n/h ; 



U) + 



2 

L 2 (n n ) 



where £l n =]s n _i, s n [ x ]0, T[ and 7„ = ^^t/t^'- Then, by the variational 
principle, we obtain (recall that the spectrum of P^q is below that of P^ h q), 

'\-Ch 5 / 4 



N ( A, P^ 



> 



71=1 \ 



- P' 



where fi^T =]0, 5[x]0, T[. Applying Lemma l2~9l this is sufficient to con- 
clude the lower bound announced in Proposition 13.21 

The upper bound is derived by introducing a partition of unity attached 
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to the sub-domains f2„ and by using the IMS decomposition formula. The 
analysis is similar to that presented for the lower bound above and also to 
that in the proof of Lemma 12.91 so we omit the proof. For the details, we 
refer to [5j Proposition 3.6]. □ 



4. Curvature effects 

4.1. A family of ordinary differential operators on a weighted I? 
space. 

A finer approximation of the quadratic form (|3.1|) leads to the analysis of a 
family of ordinary differential operators on a weighted L 2 space that takes 
into account the curvature effects of the boundary. We shall recall in this 
section the main results for the lowest eigenvalue problem concerning this 
family of operators. These results were obtained in [7] for the Neumann prob- 
lem and then generalized in [TU] for situations involving de Gennes' boundary 
condition. 

Let us introduce, for technical reasons that will be clarified later, a positive 
parameter 5 s]^, f[- Let us also consider parameters h > and (3 G R such 
that 

\0\h* < \. 

We define the family of quadratic forms (indexed by £ G R) 



f-f-0fc 1/2 f ]«(/) 



u'(t)\ 2 + {l + 2(3h 1 ' 2 t 

(4.1) x (1 - j3h l l 2 t) dt + h a - l ^ 2 ri\u(0)\ 2 , 

defined for functions u in the space : 

( 4 - 2 ) D fee) = {« * Hl *'- 1/a : u (*' _1/a ) = °} • 

Let us denote by H^'ap the self-adjoint realization associated to the quadratic 
form (|4.ip by Friedrich's' theorem. Let us denote also by \ Uj {j^h'p if) ^ ne 



increasing sequence of eigenvalues of H" 1 ' ' 



For each a > ^ and rj 6 R we introduce the positive numbers 

d2 Q,??) = m&'iv), d 2 (a, V ) = Co6'(0) (a > ~ 
^4.3) / 1 \ / 

ds L,V) = 3(^(17) + 1) 2 0'(^), d 3 (a, V ) = -G'(O) fa > - 

The result concerning the lowest eigenvalue of g in the next theorem 
has been proved in |10j . 



Theorem 4.1. Suppose that 8 and a > |. Lei 

^ = { m7n5-ia = -i), ifa>± ' ™ d < P < Po 
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For each M > and Co > ; there exists a constant (j > 0, and for each 
C > Ci; there exist positive constants C,ho and a function ]0, ho] 3 h i— > 



V 7?,/3 €] -M,M[ 
the following assertions hold : 
• If |£ - £ (rj) | < C^, *Aen 



V/te]0,/t ], 



(4.4) 



/ Tra,ri,D 



< c 

and 



+ d 2 (a, r,)(£ - av)) 2 - d 3 (a, ^h 1 ' 2 } 

h ^\^^)\ +h ^l/2 + h l/2 e{h) 



(4.5) 



(4.6) 



If\i-tm>Ch p , then 

( Tra,n,D 

^ [ H hA 



>e(?j) + ( h 2p . 



> e (rj) + Co/i 2p - 



ii/ere, the parameters d2(a,rj) and d^(a,rj) has been introduced in \4-3j) - 



Proof. The existence of Ci so that the lower bound (|4.6I) holds for |£ — 
— Ci^ p nas been established in [HH Lemma V.8]. Now, for C > Ci, 
(|4.6p obviously holds. Under the hypothesis |£ — £(rf)\ < Qh p ', the existence 
of the constants C, /io and the estimate (|4.4p have been established in [TUl 
Lemma V.8 & V.9]. So we only need to establish (14. 5p . 
We start with the case a = |. It results from the min-max principle (see 
[TO] or [JJJ Lemma 4.2.1] for details), 



/ Tra,ri,D 



., I Tf a < r l< D 



where the constant C depends only on M. 
It results again from the min-max principle, 



where is the operator introduced in (12. 3h . 

We get then the following lower bound, 



; u a,rj,D 



> 

> 
> 



2Ch 25 - ± 2)^ 2 (C[ V ,€])-CH- 



28- 



2Ch 2t, ~i)Q 2 (ri) - Ch 



28- 



e(r?) + Co^ 2p . 



Here, we recall the definition of & 2 (v) i n (12.151) . Let us also point out that 
the final conclusion above follows by Lemma [231 upon taking h e]0, ho] with 



ho chosen so small that ( h 2 p + 2Ch 2 Q S ' (9 2 (r?) + 1) < | (62(7?) - 8(77)). 
When a > ^, the result follows from the above argument upon using the 
continuity of our spectral functions with respect to small perturbations. □ 
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4.2. Spectral function for the model operator on a half-cylinder. 

Let us consider parameters 

h>0, 5>0, S > and G R s.t. \/3\h 6 < -. 
We denote by L^'g s the self adjoint operator in 



L 2 (]0,S[x]0,h 5 [;(l -fit) dsdt 



associated with the quadratic form 



Qh%s( u ) 



S rh d 

o Jo 



hd s + t-(3-)u 



\hd t u\ 2 + (1 + 2(3t) 

x(l- I3t) dsdt + h 1+a r] [ \u(s,0)\ 2 ds 

Jo 



defined for functions u in the form domain 

D (Qtls) = {u£H 1 (]Q,S[x]0,h s [) : u(-,h S )=0, «(0, ■) = u(S, ■)}. 

We recall again the notation that for a self adjoint operator A and a num- 
ber A < inf <T eS s(^4), we denote by N(X,A) the number of eigenvalues of A 
(counted with multiplicity) below A. 

Proposition 4.2. With the notation and hypotheses of Theorem \4-l\ let 
Co > 0, ho > and A = X(h) such that 



(4.7) 



\x-em <Coh 2 ", Vhe]0,h o \. 



Then, for each M > 0, there exist constants C > and ho > and a function 
]0, ho] 3 h t — > to(h) G M + with lim^o eo(h) = such that, for all h G]0, ho] 
and S,rj,(3 G] - M,M[, 



(4.8) 



AT f hX, L^ s 



h-^s 



(d 3 (a, V )P + h-V2[X-Q(?j)])_ 



h-y 4 s i 

< _ ^f(d 3 (a, r,)(3 + fr-V2[ A - e(?j)]) + e (h). 



TT^d 2 (a,r]) 

Proof. By separation of variables and by performing the scaling r = /i _1 / 2 t, 
we decompose L^ 7 ^ g as a direct sum, 

e^w^ - e^(]o,^[; ( i-^ )dt ). 



neN 



Consequently, by Theorem 14.11 and the hypothesis A — @(rj) < (oh 2p , we 
obtain, 



Card ({n£Z; tt ( ^,2^/25-1 ) ^ A > 



Again, Theorem 14.11 yields the existence of a positive constant C (that we 
may choose sufficiently large as we wish) and a function h 1— ► e{h) such that, 
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upon defining the subsets 



S± 



n G 



2irnh 1 / 2 S- 1 - f (r/) < (h p , 

e(rj) + d 2 (a, ri) r27m/i 1/2 5 -1 - £(77)) 2 - d 3 (a, r/)/3/i 1/2 ± h l / 2 7{h) < A 
one gets the inclusion, 

(4.9) 5 + c{n6Z; W few/**-) - ^ j c 

Therefore, we deduce that 

Card 5+ < N (hX, L^J\ < CardS_. 

On the other hand, thanks to (|4.7p . we may choose ( > sufficiently large 
so that 

+ d 2 (a, rj) (2itnh 1 ' 2 S~ l - C(v)) 2 - d 3 (a, r,)f3h l l 2 ± /i 1 / 2 ?^) < A 
27rn/i 1/2 S~ 1 - < C/i p • 
With this choice of one can rewrite S± in the following equivalent form 

2 



5± 



< (d 3 (a,r,)P + fc~V2[A - 9(^)] ±e(fc)) 



from which one obtains a positive function eo(/t) <C 1 such that 

h-y*s 



Card«S± 



iry / d 2 (a,ri) 



yJ(d 3 (a,r,)P + h-W[\-em). 



< 



IT 



y/{d 3 (a,r,)/3 + h-^[X - &m) + e (h), 



when S varies in a bounded interval ] — M,M[. This finishes the proof of 
the proposition. □ 



4.3. The model operator on a Dirichlet strip. We continue to work in 
the framework of the previous subsection by keeping our choice of parameters 
(3, rj, a > 7}, h > 0, 5 and 5. Let us consider the operator L^'o S 

obtained from L^' 1 ! s by imposing additional Dirichlet boundary conditions 
at s G {0, 5}, i.e. 



L 



a. 1 1 

h,/3, v 



■ D{Ltl s ) Bu^L 



with 



DiLZls) = {u e D(L%l v ) : u(0,-)=«(5,-) = 0}. 
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Actually, I% v * s is the self adjoint operator in L? (]0, S[x]0, h s [; (1 - (lh s ) ds dt) 
associated with the quadratic form, 

Qhh^ = [ £ (\hdtu\ 2 + {l + 2f3t) 

x(l -pt) dsdt + h 1+a r) I \u(s,0)\ 2 ds, 

J o 

defined for functions u in the form domain 
D(Qtl s )={ueH l {\^S[x]^h 5 () : u(;h s )=u(0,-)=u(S,-) = 0}. 

Using the same reasoning as that for the proof of Lemma 12.91 we get in the 
next lemma an estimate of the spectral counting function of the operator 

h,P,S' 

Lemma 4.3. For each M > 0, there exist constants C > and ho > such 
that, for all 

(3,r),S €]- M,M[, e e]0,5/2[, Aei, h€]0,ha[, 
one has the estimate : 

\N (A - Cefh\ ZJJ 2(s _ eo) ) < iV (A, LjJ ifl ) < A (a, L^ s ) . 

4.4. Spectral counting function in general domains. We return in this 
subsection to the case of a general smooth domain Q whose boundary is 
compact. 

An energy estimate. 

Let us recall the notation that k t denotes the scalar curvature of the bound- 
ary dfl. As was first noticed in [7], since the magnetic field is constant, the 
quadratic form (|3.2I) can be estimated with a high precision by showing the 
influence of the scalar curvature. This is actually the content of the next 
lemma, which we quote from [5j Lemma 4.7]. Before stating the estimate, 
let us recall that to a given function u G Hl oc {Vl), we associate by means of 
boundary coordinates a function u, see (|3.4|) . 



hd s + t- 13— | ;/ 



Lemma 4.4. Let 5 g]^, There exists a constant C > 0, and for all 



S£[o,\m\[, S€]o,s[. 

there exists a function (j) £ C 2 ([0,S] x [0,Ch 6 ];] 
[Ch s , 1], and for all u G H\ satisfying 

suppSc [0,5] x [0,Ch 5 ] 
one has the following estimate, 

?ft,n(«) - {e^ /h u) 

i<f>/h~\ , ru2+S 



such that, for all e G 



< C h d SQ h ^s[e l<p,n u) + {hf +0 + Sh 



e i<t>/h~ 



Here k = K T (S), and the function u is associated to u by {3.J$. 
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Let us mention that we omit a and r\ from the notation in Subsection 14.31 
when rj = 0. 

Estimates of the counting function. 

As in Section [3j we introduce a partition of a thin neighborhood of Oft : 
Given N £ N (that will be chosen later as a function of h) such that 

N = N(h)^>l (h->0), 

we put 

I <90| 

5 = -—, s n = nS, K n = K r (s n ), n £ {0, 1, • • • ,N}. 
By this way, we are able to estimate the spectral counting function of the 



operator P^q by those of the operators 



Proposition 4.5. Let 5 i[, To = rnin "f(x) and A = X(h) such that 

(4.10) A -e(/ i a -V2 7o )|«i (/i^O). 

There exist constants C > and /io > smc/i £/ia£, /or a// 

], nG {l,--- ,7V}, 

one /las £/ie estimate 

n=l 

AT 

< £ iV (hX + C(Sh* s + £q - Lj| :s+2£o 
n=l 



Here 



(7 $, ~ _ l{Sn) + CS ^ _ 7 (5 n ) - 



l + Ch s S ' ' l-Ch 5 S ' 

The proof is exactly as that of Proposition 13.21 and we omit it. Let us only 
mention the main points. Thanks to a partition of unity associated with 
the intervals [s n -i,s n ] and the variational principle, the result follows from 
local estimates of the quadratic form. For this sake, the procedure consists 
of the implementation of Lemma bounding 7(5) from above and below 
respectively by (1 + Ch s S)j n and (1 — Ch s S)^f n in each [s n -i,s n ] (thus 
getting errors of order S) and finally of the application of Lemma 14.31 



Let us take constants Co > 0, cq > 0, S £]j,h[, and let us recall that we 



An asymptotic formula of the counting function. 

11 I 

J 4' 2 

introduce a parameter p such that : 

< p < 5 — - if a = — , < p < min ( 6 — - , a | if a > — . 

4 2 \ 4 2/ 2 

We take ho > and A = X(h) such that, 

(4.11) coh 1/2 < X - 9 (V~ 1/2 7o) < Coh 2p , Vh€]0,ho]. 
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Here 



7o = min 7(2) 
xtdn 



and 7 6 C°°(90;]R) is the function in deGennes' boundary condition that 
we impose on functions in the domain of the operator P^q, see (|1.2I) , 

Theorem 4.6. Let 5 G]^,|[. Wt^/i the above notations, we have the fol- 
lowing asymptotic formula as h — > 0, 



JV [hX, P, a ' 7 



an 71-^2(0:, 7(s)) 



^d 3 (a, 7 (s))«r(«) + /i- 1/2 [A - 6 (/ l «- 1 /2 7 ( s ))] ^ ds j (l + o(l)). 

/fere, /or a gufen (a, 77) £Rxl, the parameters ^2(0,77) and 0^3(0, 77) /lawe 
freen introduced in |^.3| ). 



Proof. The proof is similar to that of the asymptotic formula (13. 8j) . There 
we have shown how to establish a lower bound, so we show here how to 
establish an upper bound. 

For each n € {1, • • • , iV}, let us introduce the function (see Lemma l4~3l) : 



f n (5,S,e ) = d^a^Kn + h- 1 ' 2 [a + C^/i 35 - 1 + e^) - G (>- 1/2 7n) 

Here 7„ and K n are given by Proposition 14.51 Then, combining Proposi- 
tions H2] and E3J we get, 



(4.12) N (hX, Pffi) < (jr ^y*^ y/\fn(5,S,e )] + ) (l + *,(*)), 

where the function eo is independent of N and satisfies 

lim eo(h) = 0. 

We recall also that 5 = ^S^-. We make the following choice of £0 €]0, S/2[ : 

e = S 1+,; with c>0. 
Then we pose the following condition on S as h — > 0, 



Sh 38 - 1 + S- 2 ~*h < 



V n e {!,-•• ,iV}. 



A - G (h^ 1 ^ 

By the hypothesis in (|4.11l) . it suffices to choose S in the following way 

Sh 35 - 1 + S- 2 - 2 'h^ h 1 ' 2 (h->0). 

This yields, 

hw+^> < s < /i 3 ^-" 5 ) 

and we notice that a choice of ? > such that 

> 3 I I - s 



4(1 + \2 
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is possible only if 5 \ [ (this will yield when a = | that po G]g, |[, po 
being introduced in Theorem 14, ip . With this choice, the upper bound (|4.12j) 
becomes (for a possibly different eo(h) <C 1), 



iV 



(4.13) N(h\,P^ 



< 



[1 + ? o (/0) E VW*, <*)]+, 



with 



>(A,a) = d 3 (a,7n)£n + ^ 1/2 [a - 6 (h a ~ l ' 2 % 



Replacing j n by 7„ = j(S n ) in (I4.13P will yield an error of the order O(S), 
and the sum on the right hand side of (I4.13P becomes a Riemann sum. We 
therefore conclude the following upper bound 

N (h\, P^) < (1 + 5>(*0) / ^ . * Vb(A, a;s)] + ds, 



with 



ff (A, a; s) = d 3 (a, 7(s))k(s) + h^ 2 A — (V _1/2 7(s)) 
By a similar argument, we get a lower bound. 



□ 



Remark 4.7. When relaxing the hypotheses of Theorem 14.61 by allowing A 
to satisfy (compare with (14. lip ): 

A - 9 (V~ 1/2 7o) = o(/i 1/2 ) as h , 

the result for the counting function becomes (as can be checked by adjusting 
the proof of Theorem 14.61) 



N ( hX, 



d 3 (a,7(s))«r(s)) ds) (l + o(l)). 



Proof of Theorem \1. 6 A 

We recall in this case that \ < a < 1 and that 

\(h) = O + 3adh a ~^ with aeR\{7 }. 

Here C\ > is the universal constant introduced in (II. 7|) . 

In this specific regime, (|4.1ip is verified when making a choice of 

p G]0, ±min(J -\,a-\)[. 

The leading order term of the integrand in the asymptotic formula of Theo- 
rem HjJ is, up to a multiplication by a positive constant, 

JbrV 2 [A - e(/i a -V2 7 ( s ))] + . 

We write by using the asymptotic expansion of ©(•) given by Taylor's formula 
(see UM-UM) ■ 

('/i a - 1 / 2 7 ( S )) = 0o + 3Ci 7 (s)/i a - 1/2 + Oih 20 " 1 ), (h -» 0). 
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Therefore, it results from Theorem 14.6 

n ( hx, pr ' • 



When a = 70 , we may encounter the regime of Remark 14.71 hence by using 
the result of that remark and noticing that when ^ < a < 1 

we recover the asymptotic expansion announced in Theorem ll.3l in the present 
case. □ 

Proof of Theorem I 

In this case a = | and 

/i 1/2 < |A-9(7o)| <Co/i e with 0<g<^. 

Taking p = £>/2, then we may choose 5 k[ such that (|4.11|) is satisfied. 
Thus, the asymptotic formula of Theorem 14.61 is still valid in this regime, and 
the leading order term of the integrand is, up to a multiplicative constant, 



fc-i/a [A -G( 7 ( S ))]. 



7T 



This proves the theorem. □ 
Proof of Theorem \l.h\ 

Again, the proof follows from Theorem 14.61 and the properties of the function 
&(■). ' □ 
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Appendix A. Boundary coordinates 

We recall now the definition of the standard coordinates that straightens 
a portion of the boundary 90. Given to > 0, let us introduce the following 
neighborhood of the boundary, 

(A.l) N t0 = {x£ M 2 ; dist(x, 90) < to}. 

As the boundary is smooth, let s G] — ^p, i— ► M(s) G 90 be a regular 
parametrization of 90 that satisfies : 

s is the oriented 'arc length' between M(0) and M(s). 
T(s) := M'(s) is a unit tangent vector to 90 at the point M(s). 
The orientation is positive, i.e. det(T(s), u(s)) = 1. 
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We recall that v(s) is the unit outward normal of dQ, at the point M(s). The 
scalar curvature n r is now defined by : 

(A.2) T'{s) = n T (s)v(s). 

When to is sufficiently small, the map : 

(A.3) $ :] - |3fi|/2, |8fi|/2]x] - t ,t [3 (s,t) » M(s) - tu(s) G M„, 
is a diffeomorphism. For x G A/i , we write, 
(A.4) ^- 1 (x):=(s(x),t(x)), 
where 

t(x) = dist(x, dfl) if x G and t(x) = — dist(x, 30) if x G" fl 
The Jacobin of the transformation $ _1 is equal to, 
(A.5) a(s, t) = det (D^ 1 ) = 1 - tn T (s). 

To a vector field A = (Ai,A 2 ) G H 1 ^ 2 ; M?), we associate the vector field 

A = (A 1} A 2 ) eH\]- \dQ\/2,\dn\/2]x] -t ,t [;R 2 ) 
by the following relations : 

(A.6) A 1 (s,t) = (l-tK T (s))A(<t>(s,t))-M'(s), A 2 (s,t) = A{<f>(s,t))-v(s). 
We get then the following change of variable formulae. 

Proposition A.l. Let u G H\(R 2 ) be supported in Mt - Writing u(s,t) = 
u(<E>(s,t)) ; then we have : 
(A.7) 



|(V - iA)u\ 2 dx = I ' I ' \{d s - iA^ 2 + a~ 2 \{d t - iA 2 )W 2 



a dsdt, 



(A.8) 

a dsdt, 



\(V - iA)u\ 2 dx = I 2 / \(d s - iA!)u\' z + a -' z \(d t - iA 2 )u\ 



and 

(A. 9) / |u(x)| 2 dx= / 2 / |u(s,t)| 2 a<is<it. 

We have also the relation : 

(c^x A2 — d X2 Ai) dx\ A c?X2 = (d s A 2 — dtA^j a~ l ds A dt, 
which gives, 

curl (xi,s 2 ) A = (1 - t/c r (s)) _1 curl (Sjt) A 
We give in the next proposition a standard choice of gauge. 

Proposition A.2. Consider a vector field A = (Ai,A 2 ) G C^ oc (R 2 ; M 2 ) such 
that 

curlA = l in R 2 . 
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For each point xq 6 d£l, there exist a neighborhood V Xo C Aft of xq and a 
smooth real-valued function <p Xo such that the vector field A new := A — V(j) XQ 
satisfies in V Xo ■' 

(A.10) A 2 new = 0, 

and, 

(A.ll) A l new = -t(l- ^(a)) , 

with A new = (A new , A new ) . 
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